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It was recently shown by the authors that deformations of hypergroup convolutions
w.r.t. positive semicharacters can be used to explain probabilistic connections be-
tween the Gelfand pairs (SL(d,C), SU(d)) and Hermitian matrices. We here study
connections between general convolution semigroups on commutative hypergroups
and their deformations. We are able to develop a satisfying theory, if the underly-
ing positive semicharacter has some growth property. We present several examples
which indicate that this growth condition holds in many interesting cases.
1. Introduction
Klyachko 8 recently derived a connection between SU(d)-biinvariant ran-
dom walks on SL(d,C) and random walks on the additive group Hd,0 of
all hermitian d×d-matrices with trace 0, whose transition probabilities are
invariant under conjugation by SU(d). He used this connection to transfer
the recent solution of the spectral problem for sums of hermitian matrices
(7, 10) to the possible singular spectrum of products of random matrices
from SL(d,C) with given singular spectra. The singular spectrum of a ma-
trix A ∈ SL(d,C) here means the spectrum of the positive definite matrix√
AA∗. Klyachko’s connection between SL(d,C) and Hd,0 was explained
in a different way and extended by the authors in 18; it is shown in 18
that the commutative Banach algebra of all SU(d)-biinvariant bounded
measures on SL(d,C) may be embedded into the Banach algebra of all
bounded measures on the Euclidean space Hd,0 in an isometric, probabil-
1
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ity preserving way. The proof of this fact, which has some applications
in probability theory (see 18), depends on so-called deformations of hyper-
group convolutions with respect to positive semicharacters as introduced
in 20. These deformations lead to connections between random walks and
convolution semigroups on different, but closely related hypergroups. This
forms the motivation to investigate systematically when and how convo-
lution semigroups of probability measures on a commutative hypergroup
(X, ∗) can be transformed canonically into convolution semigroups on a
deformation (X, •) of (X, ∗). In particular we show that the generators
and Le´vy measures of the original and the deformed convolution semigroup
are closely related whenever this transformation is possible. We mention
that the deformation of convolution semigroups is closely related to Doob’s
h-transform, and that Le´vy processes associated with a convolution semi-
group and its deformation are related by a Girsanov transformation on the
path space; see 21.
The paper is organized as follows: In Section 2 we collect some facts
on deformations and present examples. In particular we indicate how for
a maximal compact subgroup H of a complex, non-compact, connected
semisimple Lie group G, the double coset hypergroup G//H may be re-
garded as deformation of an orbit hypergroup. This includes the examples
above. Section 3 is devoted to deformations of convolution semigroups
w.r.t. positive semicharacters α0. We show that this concept works in a
satisfying way under a canonical growth condition on the convolution semi-
group together with some growth condition concerning α0. Section 4 finally
contains examples where this condition on α0 is satisfied. In fact, we have
no example for which this condition would not hold.
2. Deformations of commutative hypergroups
We give a quick introduction. First, let us fix notations. For a locally
compact Hausdorff space X , M+(X) denotes the space of all positive
Radon measures on X , and Mb(X) the Banach space of all bounded reg-
ular complex Borel measures with the total variation norm. Moreover,
M1(X) ⊂ Mb(X) is the set of all probability measures, Mc(X) ⊂ Mb(X)
the set of all measures with compact support, and δx the point measure
in x ∈ X . The spaces C(X) ⊃ Cb(X) ⊃ C0(X) ⊃ Cc(X) of continuous
functions are given as usual.
Definition 2.1. A hypergroup (X, ∗) consists of a locally compact Haus-
dorff space X and a weakly continuous, probability preserving convolution
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∗ onMb(X) such that (Mb(X), ∗) is a Banach algebra and ∗ preserves com-
pact supports. Moreover, there exists an identity e ∈ X (such that δe is
the identity of (Mb(X), ∗)) as well as a continuous involution x 7→ x on X
that replaces the group inverse. For details we refer to 1 and 6.
We here only deal with commutative hypergroups (X, ∗), i.e., ∗ is com-
mutative. In this case there exists an (up to normalization) unique Haar
measure ω ∈ M+(X) which is characterized by ω(f) = ω(fx) for all
f ∈ Cc(X) and x ∈ X , where we use the notation
fx(y) := f(x ∗ y) :=
∫
X
f d(δx ∗ δy).
Similar to the dual of a locally compact abelian group, one defines
χ(X) :={α ∈ C(X) : α 6= 0, α(x ∗ y) = α(x)α(y) for all x, y ∈ X},
X∗ :={α ∈ χ(X) : α(x) = α(x) for x ∈ X}; X̂ := X∗ ∩Cb(X).
Elements ofX∗ and X̂ are called semicharacters and characters respectively.
All spaces are locally compact w.r.t. the compact-uniform topology.
Example 2.1.
(1) Let K be a compact subgroup of a locally compact group G. Then
Mb(G‖K) := {µ ∈Mb(G) : δx ∗ µ ∗ δy = µ for all x, y ∈ K}
is a Banach-∗-subalgebra of Mb(G) with the normalized Haar mea-
sure dk ∈M1(G) of K as identity. The double coset space G//K :=
{KxK : x ∈ G} is locally compact w.r.t. the quotient topology,
and the canonical projection p : G → G//K induces a probabil-
ity preserving, isometric isomorphism p : Mb(G‖K) → Mb(G//K)
of Banach spaces by taking images of measures. The transport
of the convolution on Mb(G‖K) to Mb(G//K) via p leads to a
hypergroup structure (G//K, ∗) with identity K and involution
(KxK)− := Kx−1K, and p even becomes a Banach-∗-algebra iso-
morphism. If G//K is commutative, i.e., (G,K) is a Gelfand pair,
then a K-biinvariant function ϕ ∈ C(G) with ϕ(e) = 1 is spherical if
ϕ(x)ϕ(y) =
∫
K f(xky)dk for x, y ∈ G. The functions α ∈ χ(G//K)
are in one-to-one correspondence with the spherical functions on G
via α 7→ α ◦ p for the canonical projection p : G→ G//K.
(2) Let (V, 〈 . , . 〉) be a finite-dimensional Euclidean vector space and
K ⊂ O(V ) a compact subgroup of the orthogonal group of V . For
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µ ∈ Mb(V ), denote the image measure of µ under k ∈ K by k(µ).
Then the space of K-invariant measures
MKb (V ) := {µ ∈Mb(V ) : k(µ) = µ for all k ∈ K}
is a Banach-∗-subalgebra of Mb(V ) (with the group convolution)
with identity δ0. The space V
K := {K.x : x ∈ V } of all K-orbits
in V is again locally compact, and the canonical projection p :
V → V K induces a probability preserving, isometric isomorphism
p : MKb (V ) → Mb(V K) of Banach spaces and an associated orbit
hypergroup structure (V K , ∗) such that p becomes an isomorphism
of Banach-∗-algebras. The involution on V K is given by K.x =
−K.x. Moreover, the continuous functions
αλ(K.x) =
∫
K
ei〈λ, k.x〉dk (x ∈ V ) (2.1)
are multiplicative on (V K , ∗) for λ ∈ VC, the complexification of V ,
and αλ ≡ αµ if and only if K.λ = K.µ. It is known (see 6) that
V̂ K = {αλ : λ ∈ V }.
By 20, positive semicharacters lead to deformed convolutions:
Proposition 2.1. Let α0 ∈ X∗ be a positive semicharacter on the commu-
tative hypergroup (X, ∗), i.e., α0(x) > 0 for x ∈ X. Then
µ • ν = α0((α−10 µ) ∗ (α−10 ν)) (µ, ν ∈Mc(X)) (2.2)
extends uniquely to a bilinear, associative, probability preserving, weakly
continuous convolution • on Mb(X), and (X, •) becomes a commutative
hypergroup with the identity and involution of (X, ∗). (X, •) will be called
deformation of (X, ∗) w.r.t. α0.
Eq.(2.2) shows that µ 7→ α0µ is an algebra isomorphism between
(Mc(X), ∗) and (Mc(X), •) which for unbounded α0 cannot be extended
to Mb(X); cf. Section 3.
Many data of (X, •) can be expressed in terms of α0 and corresponding
data of (X, ∗). For instance, if ω is a Haar measure of (X, ∗), then α20ω
is a Haar measure of (X, •). Moreover, the mapping Mα0 : α 7→ α/α0 is
a homeomorphism between (X, ∗)∗ and (X, •)∗, and also between χ(X, ∗)
and χ(X, •); see 20 and 18.
Remark 2.1. Deformation is transitive as follows: Let (K, •) be the defor-
mation of (K, ∗) w.r.t. α0, and let β0 be a positive semicharacter on (K, •).
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Consider further the deformation (K, ⋄) of (K, •) w.r.t. β0. The function
α0β0 is a positive semicharacter on (K, ∗), and (K, ⋄) is the deformation of
(K, ∗) w.r.t. α0β0. For β0 = 1/α0, one obtains ⋄ = ∗.
We next present some examples; for further examples see Section 4.
Example 2.2. Let (V, 〈 . , . 〉) be an n-dimensional Euclidean vector space,
K a compact subgroup of the orthogonal group O(V ), and (V K , ∗) the
associated orbit hypergroup. Fix ρ ∈ V with −ρ ∈ K.ρ, and consider the
function eρ(x) := e
〈ρ,x〉 on V and
Mρ,Kc (V ) := {eρµ : µ ∈Mc(V ) K-invariant}.
The multiplicativity of eρ on V yields that w.r.t. the group convolution on
Mc(V ), we have eρµ ∗ eρν = eρ(µ ∗ ν). Hence, Mρ,Kc (V ) is a subalgebra of
Mb(V ), and its norm-closure
Mρ,Kb (V ) :=M
ρ,K
c (V )
a Banach subalgebra. On the other hand, α0(K.x) :=
∫
K
eρ(k.x)dk (x ∈ V )
is a positive semicharacter on (V K , ∗); see Example 2.1(2) above as well
as Proposition 2.8 of 18. Proposition 2.8 of 18 also states that for the
deformation (V K , •) of (V K , ∗) w.r.t. α0, the canonical projection p :
V → V K induces a probability preserving isometric isomorphism of Banach
algebras from Mρ,Kb (V ) onto Mb(V
K , •). In other words, the deformed
hypergroup algebra may be regarded as Banach algebra of (not longer K-
biinvariant) measures on V .
Example 2.3. It is well-known that the double coset hypergroup
SL(2,C)//SU(2) and the orbit hypergroup (R3)SO(3) may be identified
with [0,∞[, and that the associated hypergroup structures on [0,∞[ are
deformations of each other; see 1, 18, or 20.
Here is the higher rank extension of this example:
Example 2.4. Let G be a complex, noncompact, connected semisimple
Lie group with finite center and K a maximal compact subgroup. Consider
the Cartan decomposition g = k + p of the Lie algebra of G, and choose a
maximal abelian subalgebra a ⊂ p. K acts on p via the adjoint representa-
tion as a group of orthogonal transformations w.r.t. the Killing form 〈 . , . 〉
as scalar product. Let W be the Weyl group of K, which acts on a as finite
reflection group; here and further on we identify a with its dual a∗ via the
November 15, 2018 3:17 WSPC/Trim Size: 9in x 6in for Proceedings voit-world-sci1
6
Killing form. Fix some Weyl chamber a+ ⊂ a and the associated set Σ+ of
positive roots. Then the closed chamber C := a+ is a fundamental domain
for the action ofW on a, and C can be identified with the orbit hypergroup
(pK , ∗), where a K-orbit in p corresponds to its representative in C.
C can also be identified with the commutative double coset hyper-
group G//K where x ∈ C corresponds to the double coset K(ex)K. De-
note the corresponding convolution by •. Using the known formulas for
the spherical functions on G//K and pK (see Helgason 4), we proved in
18 that (G//K, •) = (C, •) is the deformation of the orbit hypergroup
(pK , ∗) = (C, ∗) w.r.t. the positive semicharacter α−iρ (in the sense of
Example 2.1(2)) with
ρ :=
∑
α∈Σ+ α ∈ a+ .
As −ρ ∈ K.ρ, the construction in Example 2.2 shows that Mb(G||K) may
be embedded into Mb(p) in an isometric, probability preserving way. Here
are the most prominent examples (c.f. Appendix C of 9).
(1) The Ad−1-case. K = SU(d) is a maximal compact subgroup of
G = SL(d,C). In the Cartan decomposition g = k+ p we obtain p
as the additive group H0d of all Hermitian d× d-matrices with trace
0, on which SU(d) acts by conjugation. Moreover, a consists of all
real diagonal matrices with trace 0 and will be identified with
{x = (x1, . . . , xd) ∈ Rd :
∑
i
xi = 0}
on which the Weyl group acts as the symmetric group Sd. We thus
take
C := {x = (x1, . . . , xd) ∈ Rd : x1 ≥ x2 ≥ . . . ≥ xd,
∑
i
xi = 0}.
Then in particular, ρ = (d− 1, d− 3, . . . ,−d+ 3,−d+ 1).
(2) The Bd-case. For d ≥ 2 consider G = SO(2d+1,C) with maximal
compact subgroup K = SO(2d+ 1). Here a may be identified with
Rd, and we may choose
C = {x ∈ Rd : x1 ≥ x2 ≥ · · · ≥ xd ≥ 0}
with the Weyl group W ≃ Sd⋉Zd2, and ρ = (2d− 1, 2d− 3, . . . , 1) .
(3) The Cd-case. For d ≥ 3 let G = Sp(d,C) with the maximal com-
pact subgroup K = Sp(2d + 1). Here, a = Rd with C and W
as in the Bd-case. We have ρ = (2d, 2d − 1, . . . , 2). The preced-
ing results on hypergroup deformations imply that the hypergroups
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Sp(d,C)//Sp(2d + 1) and SO(2d + 1,C)//SO(2d + 1) are (up to
isomorphism) deformations of each other; see also 18 .
(4) The Dd-case. For d ≥ 4 let G = SO(2d,C) with maximal compact
subgroup K = SO(2d). In this case a = Rd and we may take
C = {x ∈ Rd : x1 ≥ x2 ≥ · · · ≥ xd−1 ≥ |xd|}
with ρ = (2d− 2, 2d− 4, . . . , 2, 0).
3. Deformation of convolution semigroups
We now always assume that α0 is a positive semicharacter on a σ-compact,
second countable commutative hypergroup (X, ∗) and that (X, •) is the
associated deformation. We show how under a natural growth condition,
convolution semigroups on (X, ∗) can be deformed into convolution semi-
groups on (X, •). To describe this condition, we introduce the spaces
M b,+α0 (X) := {µ ∈M b,+(X) : α0µ ∈M b,+(X)},
M1α0(X) := M
1(X) ∩M b,+α0 (X)
as well as the transformation
Rα0 :M
b,+
α0 (X)→M1(X), µ 7→
1∫
X α0 dµ
· α0µ.
Lemma 3.1. Let µ, ν ∈ M b,+(X). Then µ ∗ ν ∈ M b,+α0 (X) if and only if
µ, ν ∈M b,+α0 (X). Moreover, if one of these conditions holds then
Rα0(µ ∗ ν) = Rα0(µ) •Rα0(ν).
Proof. If µ, ν have compact support, then the lemma is clear by Eq. (2.2).
In the general case, choose compacta (Kn)n≥1 in X with X =
⋃
nKn
and Kn+1 ⊃ Kn for n ∈ N. Put µn := µ|Kn and νn := ν|Kn . As the µn ∗ νn
have compact support, we have∫
X
α0 d(µn ∗ νn) =
∫
X
∫
X
α0(x ∗ y) dµn(x) dνn(y) =
∫
X
α0 dµn ·
∫
X
α0 dµn.
Monotone convergence implies that∫
α0 dµ ∗ ν =
∫
X
α0 dµ ·
∫
X
α0 dµ
where one term is finite if and only if so is the other one. This proves the
first part of the lemma. Moreover, if these terms are finite, then the same
monotone convergence argument shows that for all f ∈ Cb(X) with f ≥ 0,∫
f d(Rα0(µ ∗ ν)) =
∫
f d(Rα0(µ) •Rα0(ν)).
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This implies Rα0(µ ∗ ν) = Rα0(µ) •Rα0(ν).
Remark 3.1. Notice that the mapping Rα0 : M
1
α0(X) → M1(X) is not
(weakly or vaguely) continuous whenever α0 is unbounded. In fact, choose
(xn)n≥1 ⊂ X with α0(xn) → ∞ and α0(xn) ≥ 1. Then the measures
µn := (1− α0(xn)−1)δe + α0(xn)−1δxn tend to δe while
Rα0(µn) =
1
2− α0(xn)−1 ((1 − α0(xn)
−1)δe + δxn)
does not tend to δe = Rα0(δe).
We now investigate convolution semigroups.
Definition 3.1. A family (µt)t≥0 ⊂ M1(X) is called a convolution semi-
group on (X, ∗), if µ0 = δe, if µs+t = µs ∗ µt for s, t ≥ 0, and if the
mapping [0,∞[→ M1(X), t 7→ µt is weakly continuous. It is well-known
(see Rentzsch 12) that each convolution semigroup (µt)t≥0 admits a Le´vy
measure η ∈M+(X \ {e}) which is characterized by∫
f dη = lim
t→0
1
t
∫
f dµt for f ∈ Cc(X) with e 6∈ supp f.
(µt)t≥0 is called Gaussian, if η = 0 which is equivalent to saying that for
all neighborhoods U of e ∈ X , limt→0 1tµt(X \ U) = 0.
We next study under which conditions convolution semigroups on (X, ∗)
can be deformed w.r.t. α0. We here need the following condition on α0.
Definition 3.2. A positive semicharacter α0 on (X, ∗) is called exponential
if there exists a neighborhood U of e ∈ X and a constant C > 0 such that
for all x, y ∈ X with y ∈ x ∗ U , α0(y)/α0(x) ≤ C.
We conjecture that positive semicharacters are always exponential. Un-
fortunately we are not able to prove this. However, we present at least
some criteria and examples in Section 4 below. The following theorem is
motivated by 5, 19, where a variant for the group case is studied.
Theorem 3.1. Let α0 be an exponential positive semicharacter on (X, ∗)
with α0 ≥ 1. Then the following statements are equivalent for a convolution
semigroup (µt)t≥0 on (X, ∗) with Le´vy measure η.
(1) µt ∈M1α0(X) holds for some t > 0.
(2) µt ∈ M1α0(X) holds for all t ≥ 0, the mapping ϕ : [0,∞[→]0,∞[
given by ϕ(t) =
∫
α0 dµt is continuous and multiplicative, and
(Rα0(µt))t≥0 is a convolution semigroup on (X, •).
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(3) For any neighborhood U of e ∈ X, ∫X\U α0 dη <∞.
If one and hence all of these statements hold, then α0η is the Le´vy measure
of the convolution semigroup (Rα0(µt))t≥0 on (X, •).
In particular, Gaussian semigroups on (X, ∗) always lead to Gaussian
semigroups on (X, •).
Proof. (1) =⇒ (2): Lemma 3.1 implies that ϕ ≥ 1 is well-defined and
multiplicative. To check continuity, we observe that the multiplicativity
implies that for N ∈ N and 0 ≤ s ≤ 1/N , ϕ(s)Nϕ(1 − sN) = ϕ(1) and
hence ϕ(s) ≤ ϕ(1)1/N → 1 for N →∞. Therefore, ϕ is continuous at t = 0
and hence, as a multiplicative function, on [0,∞[. Using Lemma 3.1 and
the fact that the mapping [0,∞[→ M1(X), t 7→ Rα0(µt) = ϕ(t)−1α0µ is
vaguely and hence weakly continuous, we conclude that (Rα0(µt))t≥0 is a
convolution semigroup on (X, •).
(2) =⇒ (3): The measure ρ := 1{α0≥2}η ∈ M b,+(X) is the Le´vy mea-
sure of the Poisson semigroup (νt := e
−‖ρ‖t · exp(tρ))t≥0, exp denoting
the exponential function on the Banach algebra (Mb(X), ∗). Moreover, it is
easy to see that η−ρ is the Le´vy measure of a further convolution semigroup
(ν˜t)t≥0 with µt = νt ∗ ν˜t for t ≥ 0. Lemma 3.1 shows that νt ∈M1α0(X) for
t ≥ 0. As obviously ρ ≤ (e‖ρ‖t/t)νt for t > 0, we obtain ρ ∈ M b,+α0 (X) and
thus (3). Furthermore, for f ∈ Cc(X) with e 6∈ supp f ,
lim
t→0
1
t
∫
f dRα0(µt) = lim
t→0
1
t
∫
fα0 dµt =
∫
fα0 dη.
Hence, α0η is the Le´vy measure of the semigroup (Rα0(µt))t≥0 on (X, •).
The proof of (3) =⇒ (1) is more involved. Recapitulate that for a
convolution semigroup (µt)t≥0 on (X, ∗), the translation operators Tt(f) :=
µ−t ∗ f (t ≥ 0) form a strongly continuous, positive contraction semigroup
on L1(X,ω), ω being the Haar measure of (X, ∗); see [BH]. Let A be its
infinitesimal generator with the dense domain DA ⊂ L1(X,ω). We have:
Lemma 3.2. Let α0 be a positive semicharacter and (µt)t≥0 a convolution
semigroup on (X, ∗) whose Le´vy measure η satisfies ∫{α0≥2} α0 dη < ∞.
Then for each neighborhood U of e ∈ X there exists f ∈ Cc(X) ∩DA with
f ≥ 0, f = f∗ 6= 0, supp f ⊂ U , and ∫ |Af |α0 dω <∞.
Proof. Let U be a compact neighborhood of e ∈ X with U− = U . Then by
12, there exists f ∈ DA with
∫
X f dω = 1, f ≥ 0, f = f∗, and supp f ⊂ U .
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Let x 6∈ U ∗U and y ∈ U . Then f(x∗y) = 0, which means that the translate
fx given by fx(y) := f(x ∗ y) satisfies fx = 0 on U , and hence
Af(x) = lim
t→0
1
t
(µ−t ∗ fx(e)− fx(e)) =
∫
f(x ∗ y) dη(y).
Consequently, by Fubini’s theorem,∫
X
|Af | · α0 dω =
∫
U∗U
|Af | · α0 dω +
∫
X\U∗U
|Af | · α0 dω
≤
∫
U∗U
|Af | · α0 dω +
∫
X
∫
X\U∗U
f(x ∗ y)α0(x) dω(x) dη(y).
Now∫
X\U∗U
f(x ∗ y)α0(x) dω(x) =
∫
X
f(x)(1X\U∗Uα0)(x ∗ y)dω(x)
≤ 1X\U (y) ·
∫
X
f(x)α0(x)α0(y)dω(x)
= 1X\U (y)α0(y) ·
∫
fα0dω.
As
∫
1X\Uα0 dη <∞ by assumption,
∫ |Af |α0 dω <∞ as claimed.
(3) =⇒ (1) in the theorem now follows from Lemma 3.2 and the follow-
ing result.
Lemma 3.3. Let α0 be an exponential positive semicharacter with α0 ≥ 1,
and (µt)t≥0 a convolution semigroup on (X, ∗) with generator A. Assume
that for each neighborhood U of e ∈ X there exists f ∈ Cc(X) ∩ DA with
f ≥ 0, f = f∗ 6= 0, supp f ⊂ U and ∫ |Af |α0 dω <∞. Then for all t ≥ 0,∫
α0 dµt <∞.
Proof. Let U be a neighborhood of e ∈ X and C1 > 0 a constant with
C1α0(x) ≤ α0(z) for x ∈ X and z ∈ U ∗x. Let f ∈ Cc(X)∩DA with f ≥ 0,
f = f∗ 6= 0, supp f ⊂ U and ∫ |Af |α0 dω < ∞. Then for all m ∈ N, the
functions αm := α0 ∧m ∈ Cb(X) also satisfy C1αm(x) ≤ αm(z) for x ∈ X ,
z ∈ U ∗ x. Hence, there is a constant C2 > 0 depending on f such that for
all m ∈ N and x ∈ X ,
αm(x) ≤ C2 ·
∫
αm(x ∗ y)f(y) dω(y) = C2 · αm ∗ f(x). (3.1)
Moreover, as α0 ≥ 1, we have for all m ∈ N and x, y ∈ X ,
αm(x ∗ y) ≤ m ∧ α0(x ∗ y) = m ∧ (α0(x)α0(y)) ≤ αm(x)αm(y). (3.2)
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Define hm(t) :=
∫
(µt ∗ f) · αm dω =
∫
αm ∗ fdµt. As f ∈ DA and Af ∈
L1(X,ω) holds, we obtain ddtµt ∗ f = µt ∗Af and hence
h′m(t) =
∫
(µt ∗Af) · αm dω =
∫ ∫
αm(x ∗ y)Af(y) dµt(x) dω(y).
Therefore, by (3.2) and (3.1),
|h′m(t)| ≤
∫ ∫
αm(x ∗ y)|Af(y)| dµt(x) dω(y) ≤
∫
αmdµt ·
∫
αm|Af | dω
≤ C2
∫
αm ∗ fdµt ·
∫
αm|Af | dω ≤ C2
∫
α0|Af | dω · hm(t).
This yields hm(t) ≤ hm(0) etC for t ≥ 0 and some constant C ≥ 0 indepen-
dent of m. Hence, again by (3.1),∫
αm dµt ≤ C2
∫
αm ∗ fdµt = C2hm(t) ≤ c2etC
∫
α0f dω
for all m ∈ N. This yields the claim ∫ α0 dµt <∞ for t ≥ 0.
Notice that the growth condition on α0 was needed above only for the
preceding lemma. Theorem 3.1 therefore admits the following variant.
Theorem 3.2. Let α0 be a positive semicharacter and (µt)t≥0 ⊂M1(X) a
Poisson semigroup on (X, ∗), which means that µt = e−t‖ρ‖exp(tρ) for all
t ≥ 0 and some ρ ∈M b,+(X). Then ρ is the Le´vy measure of (µt)t≥0, and
the statements (1)–(3) of Theorem 3.1 are equivalent.
Proof. It suffices to check (3) =⇒ (1). However, if R := ∫ α0 dρ < ∞,
then for all n ≥ 0, ∫ α0 dρ(n) = Rn and hence ∫ α0 dµt <∞ for all t ≥ 0.
Remark 3.2. Let α0 be an exponential positive semicharacter and
(µt)t≥0 ⊂ M1α0(X) a convolution semigroup on (X, ∗). Then the convolu-
tion operators (Tt)t≥0 on C0(X) with Ttf := µ
−
t ∗f form a Feller semigroup.
Its generator A with
Af(x) = lim
t→0
1
t
(µ−t ∗ f(x)− f(x)) (x ∈ X, f ∈ D(A))
admits a ‖.‖∞-dense domain D(A) in C0(X); see 13. Now consider the
generator Aα0 of the Feller semigroup on C0(X) which is associated with
the renormalized convolution semigroup (Rα0(µt))t≥0 on (X, •). Using the
notation above, we have
((Rα0µt)
− • f)(x) = 1
ϕ(t)
((α0µt)
− • f)(x) = 1
ϕ(t)α0(x)
(µt ∗ α0f)(x).
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Theorem 3.1(2) shows that ϕ(t) = ect for some c ∈ R, and
lim
t→0
1
t
(1/ϕ(t)− 1) = −c.
Hence
Aα0f(x) = lim
t→0
1
t
( 1
ϕ(t)α0(x)
(µt ∗ α0f)(x) − f(x)
)
=
1
α0(x)
lim
t→0
1
t
( 1
ϕ(t)
(µt ∗ α0f)(x) − (α0f)(x)
)
=
1
α0(x)
A(α0f)(x) +
1
α0(x)
lim
t→0
(1
t
(1/h(t)− 1)(µt ∗ α0f)(x)
)
=
1
α0(x)
A(α0f)(x)− cf(x).
Therefore
Aα0 =M1/α0 ◦A ◦Mα0 − c (3.3)
at least on D(Aα0)∩Cc(X), where Mg denotes the multiplication operator
with g ∈ C(K). The same holds for other function spaces like Lp(X,ω).
4. Exponential positive semicharacters
It seems reasonable to conjecture that positive semicharacters are always
exponential. Unfortunately we are not able to prove this. Here are, at least,
some criteria and several examples:
Lemma 4.1.
(1) If (X, ∗) is discrete, then α0 is always exponential.
(2) Let α0, α1 be exponential positive semicharacters on (X, ∗), and let
(X, •) be the deformation of (X, ∗) w.r.t. α0. Then α1/α0 is an
exponential positive semicharacter on (X, •).
Proof. Part (1) is clear by taking U = {e}. For the proof of (2) choose
neighborhoods U0, U1 of e and constants C0, C1 associated with α0, α1
respectively. For U := U0 ∩ U1 ∩ U−0 ∩ U−1 and C := C0C1, we ob-
tain that for x, y ∈ X with y ∈ x ∗ U , we have x ∈ y ∗ U and thus
α0(x)α1(y)/(α0(y)α1(x)) ≤ C as claimed.
Example 4.1. In 23, Zeuner presented quite general, but technical condi-
tions on a function A ∈ C([0,∞[) ∩ C1(]0,∞[) with A(x) > 0 for x ≥ 0
which ensures that there exists a unique commutative hypergroup ([0,∞[, ∗)
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whose semicharacters are precisely the eigenfunctions of the Sturm-Liouville
operator
LAf := −f ′′ − (A′/A)f ′
with initial conditions f(0) = 1 and f ′(0) = 0; see also Section 3.5 of
1. This hypergroup is called the Sturm-Liouville hypergroup associated
with A. Moreover, to the knowledge of the authors, all known hypergroup
structures on [0,∞[ appear in this way (up to isomorphism); see also 1
for details. We here mention that Zeuner’s approach in particular includes
all Chebli-Trimeche hypergroups and thus all double coset hypergroups
associated with noncompact symmetric spaces of rank one.
We claim that all positive semicharacters on a Sturm-Liouville hyper-
group on [0,∞[ with A satisfying Zeuner’s conditions are exponential. To
prove this, recall from Section 3.5 in 1 that Zeuner’s conditions imply that
ρ :=
1
2
lim
x→∞
A′(x)/A(x) ≥ 0 (4.1)
exists, and that the positive semicharacters are precisely the unique solu-
tions ϕiλ of
LAϕiλ = (ρ
2 − λ2)ϕiλ, ϕiλ(0) = 1, ϕ′iλ(0) = 0
with λ ≥ 0. Moreover, the renormalization ([0,∞[, •) of ([0,∞[, ∗) w.r.t.
ϕiλ is again a Sturm-Liouville hypergroup associated with the renormalized
function Aλ := ϕ
2
iλ · A where Aλ again satisfies Zeuner’s conditions; see
Section 3.5.51 of 1. Applying (4.1) to A as well as to Aλ, we see that
limx→∞ ϕ
′
iλ(x)/ϕiλ(x) exists. As supp(δx∗δy) ⊂ [|x−y|, x+y] for x, y ≥ 0,
it follows from the mean-value theorem that ϕiλ is exponential.
Example 4.2. Let V be a finite-dimensional Euclidean vector space, K ⊂
O(V ) a compact subgroup, and V K the associated orbit hypergroup as in
Example 2.1(2). Then, for each ρ ∈ V , the positive semicharacter αiρ with
αiρ(K.x) =
∫
K e
−〈ρ,k.x〉dk (x ∈ V ) is exponential. In fact, we may take
U := {K.x : x ∈ V, ‖x‖2 ≤ 1} ⊂ V K as a neighborhood of the identity.
For orbits K.x,K.y ∈ V K with K.x ∈ U ∗K.y we then have representatives
x, y ∈ V with ‖x− y‖2 ≤ 1 which implies that e−〈ρ,k.x〉 ≤ e−〈ρ,k.y〉e‖ρ‖2 for
k ∈ K and thus αiρ(K.x) ≤ αiρ(K.y)e‖ρ‖2 as claimed.
Example 4.3. Let G be a (not necessarily complex) noncompact, con-
nected semisimple Lie group with finite center and K a maximal compact
subgroup. Let G = NAK and g = n + a + k be the corresponding Iwa-
sawa decompositions. For g ∈ G let A(g) ∈ a be the unique element with
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g ∈ N exp(A(g))K. Let Σ+ be the set of positive roots (for the order
corresponding to n), and ρ = 12
∑
α∈Σ+ mαα the half sum of positive roots
with mα as multiplicity of α. Then, by a formula of Harish-Chandra (see
Theorem IV.4.3 of 4), the spherical functions on G, i.e., the multiplicative
functions on G//K, are given by
ϕλ(g) =
∫
K
e〈iλ+ρ,A(kg)〉 dk (g ∈ G),
where λ runs through aC, the complexification of a. Clearly, the ϕλ for
λ ∈ i · a are positive multiplicative functions. These functions are also
exponential. To prove this, we conclude from Lemma IV.4.4 of 4 that
ϕλ(g
−1h) =
∫
K
e〈−iλ+ρ,A(kg)〉e〈iλ+ρ,A(kh)〉 dk (g, h ∈ G).
Hence, for each compact neighborhood U of e there is a constant C > 0
such that ϕλ(g
−1h) ≤ Cϕλ(h) for all g ∈ U , h ∈ G and λ ∈ i · a.
Example 4.4. Let R be a (reduced, not necessaryly crystallographic) root
system in Rn with the standard inner product 〈 . , . 〉, i.e. R ⊂ Rn \ {0} is
finite with R ∩ Rα = {±α} and σα(R) = R for all α ∈ R, where σα is the
reflection in the hyperplane perpendicular to α. Assume also without loss
of generality for our considerations that 〈α, α〉 = 2 for all α ∈ R. Let W
be the finite reflection group generated by the σα and let k : R → [0,∞[
be a fixed multiplicity function on R, i.e. a function which is constant on
the orbits under the action of W . The (so-called rational) Dunkl operators
attached to G and k are defined by
Tξ(k)f(x) = ∂ξf(x) +
∑
α∈R+
k(α)〈α, ξ〉f(x) − f(σαx)〈α, x〉 , x, ξ ∈ R
n. (4.2)
Here ∂ξ denotes the derivative in direction ξ and R+ is some fixed positive
subsystem of R. The definition is independent of the special choice of
R+, due to the G-invariance of k. As first shown in
2, the Tξ(k), ξ ∈ Rn
generate a commutative algebra of differential-reflection operators. This is
the foundation for rich analytic structures related with them. In particular,
there exists a counterpart of the exponential function, the Dunkl kernel,
and an analogue of the Euclidean Fourier transform with respect to this
kernel. The Dunkl kernel Ek is holomorphic on C
n × Cn and symmetric
in its arguments. Similar to spherical functions on symmetric spaces, the
function Ek( . , y) with fixed y ∈ Cn may be characterized as unique analytic
solution of the joint eigenvalue problem
Tξ(k)f = 〈ξ, y〉f for all ξ ∈ Cn, f(0) = 1; (4.3)
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c.f. 11. Apart from the trivial case k = 0 with Ek(x, y) = e
〈x,y〉, Ek is
explicitly known in a few cases only like n = 1; see 17 for a survey. The
G-invariant counterpart of Ek is the generalized Bessel function
Jk(x, y) =
1
|G|
∑
g∈G
Ek(gx, y)
which is G-invariant in x, y and naturally considered on the closed positive
Weyl chamber C associated with R+. For n = 1, Jk is a usual Bessel
function. Moreover, in the cristallographic case and for certains half-integer
multiplicities, the Jk are the multiplicative functions of certain Euclidean
orbit hypergroups as in Example 2.1. Here, and for n = 1, the Jk(x, y)
(y ∈ Cn) therefore form the multiplicative functions of some commutative
hypergroup on C. It is conjectured that there exist such commutative
hypergroups on C for all root systems and multiplicities k ≥ 0. Only part
of this conjecture has been verified up to now in 16.
Now fix a root system R and k ≥ 0 such that the Jk(., y) (y ∈ Cn) are
the multiplicative functions of a commutative hypergroup (C, ∗). To find
positive semicharacters, we employ the following psoitive integral represen-
tation for Ek (and thus Jk): For given R, k ≥ 0, and x ∈ Rn there exists a
unique pribability measure µx on R
n such that
Jk(x, y) =
∫
e〈z,y〉 dµx(z) for y ∈ Cn. (4.4)
Moreover, supp µx ⊂ {z ∈ Rn : ‖z‖2 ≤ ‖x‖2}. Thus, for each y ∈ Rn,
Jk(., y) is a positive semicharacter on (C, ∗). We claim that these semichar-
acters are exponential.
To show this, let U := {z ∈ C : ‖z‖2 ≤ 1} and x1, x2 ∈ C with x1 ∈
U ∗x2. We conclude from Theorem 4.1 of 16 that then x1 ∈ C ∩
⋂
w∈W {z ∈
Rn : |z − w.x2| ≤ 1} holds. As ‖z − w‖ ≤ ‖z − w.x‖ for all x, z ∈ C and
w ∈ W by Ch. 3 of 3, we even have ‖x1 − x2‖ ≤ 1. In the same way as in
Example 4.3 we now obtain from Eq. (4.4) that Jk(x1, y) ≤ e‖y‖Jk(x2, y)
which proves that Jk(., y) is exponential for each y ∈ Rn.
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